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Abstract
In this note we prove that the homotopy-topological structure set vanish for any irreducible sub-
complex complement in the 3-sphere with incompressible boundary. As a consequence we calculate
explicitly the surgery groups of any sub-complex complement. Ó 2000 Elsevier Science B.V. All
rights reserved.
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1. Introduction
In [1] we showed that |S(M×Dn, ∂(M×Dn))| = 1 for n> 2, whereM was any knot or
irreducible link complement in S3 and S(N, ∂N) is the homotopy-topological structure set
of N relative to the boundary ∂N . And as a consequence we proved Cappell’s conjecture
computing the surgery groups of any knot complement. Also we computed the surgery
groups of any link complements using the geometric result of [8] for Haken manifold
and the Topological Rigidity Theorem (TRT) of Farrell and Jones [6]. In this article
we prove the vanishing of the structure set for irreducible subcomplex complement with
incompressible boundary and calculate the surgery groups of any subcomplex complement
in S3 using a recent extension of TRT for non-compact complete Riemannian manifolds
all of whose sectional curvatures are non-positive.
Let T be a subcomplex of a triangulation K of the 3-sphere S3. Let N(T ) be a
regular neighbourhood of T . Consider M = S3 −N(|T |). By Alexander duality M has
β2(|T |)+1 components. LetC be a component ofM . In this paper we calculateLn(pi1(C))
1 Present address: School of Mathematics, Tata Institute of Fundamental Research, National Centre of the
Government of India for Nuclear Science and Mathematics, Homi Bhabha Road, Mumbai 400 005, India. E-
mail: roushon@math.tifr.res.in.
0166-8641/00/$ – see front matter Ó 2000 Elsevier Science B.V. All rights reserved.
PII: S0166-8641(98)0 00 86 -8
224 S.K. Roushon / Topology and its Applications 100 (2000) 223–227
for any n. Also recall that Waldhausen [12,13] proved that the Whitehead group of the
fundamental group of any submanifold of S3 vanishes. So in this case Lhn(pi1(C)) =
Lsn(pi1(C)), we abbreviate it by Ln(pi1(C)).
2. Geometry and topology of C
A 3-manifold is said to be irreducible if any locally flat embedding of the 2-sphere in it
bounds a 3-ball. Also by Papakyriakopolous [9], a submanifold of S3 is aspherical if and
only if it is irreducible. Recall that the structure set S(M,∂M) of any topological manifold
M with boundary ∂M is the set of all equivalence classes of objects (N, ∂N,f ), where
f :N →M is a homotopy equivalence such that f |∂N : ∂N → ∂M is a homeomorphism
under the equivalence relation: (N1, ∂N1, f1) is equivalent to (N2, ∂N2, f2) if there exist
a homeomorphism g :N1 → N2 such that f1 and f2 ◦ g are homotopic relative to the
boundary ∂N1.
The main theorem of this article is the following:
Theorem 2.1. Let C be a component of M such that ∂C is incompressible, i.e.,
ker(pi1(∂C)→ pi1(C)) = 1, where M is any irreducible subcomplex complement. Then
|S(C ×Dn, ∂(C ×Dn))| = 1 for n> 2.
Remark 2.1. If pi1(C) is abelian then the interior of C is diffeomorphic to R3 or S1 ×R2
or S1 × S1 × R. In these cases the theorem was treated in Corollary 0.1 in [1]. So in the
proof of the theorem we assume that pi1(C) is non-abelian.
Remark 2.2. Note that in the theorem the conclusion is equivalent to saying that
the assembly map Hn(C,L0)→ Ln(pi1C) in the surgery exact sequence of C is an
isomorphism for large n. In a subsequent paper [10] we will study the possibility
of vanishing of the structure set for many compact orientable Haken 3-manifold with
boundary, may be empty, even if the manifold does not support nonpositively curved
metric.
Proof of Theorem 2.1. Note that any irreducible 3-manifold with nonempty boundary
is Haken. Without loss of generality we can assume that C is not the 3-ball. Hence C
has a Jaco–Shalen–Johannson and Thurston (JSJT) decomposition [4,5,11] into Seifert
fibered and hyperbolic spaces. If ∂C consists of only 2-tori then the theorem follows from
Corollary 0.1 in [1]. So suppose that at least one component of ∂C is of genus > 1.
Also by Thurston’s classification of geometric structure on 3-manifolds, a 3-manifolds
which has a geometric structure and has a boundary component of genus > 1 has a
hyperbolic structure. (But this boundary component may not be totally geodesic.) So the
geometric piece which contributes to the boundary component of C of genus > 1 supports
a hyperbolic structure in its interior. Also note that in the JSJT decomposition of C we
decompose the manifold only along embedded tori. Now using the proof of Theorem 3.3
in [8] we can give a complete nonpositively curved Riemannian metric in the interior of
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C which is a cylinder near the tori boundary component (Theorem 0.3 and Addendum 0.1
in [1]). Now take the double D of C by gluing (after cutting the cusp at some point where
it is a cylinder) only along the tori boundary components. Obviously the metric extends to
a complete nonpositively curved metric on D.
Now note that in the process of constructing the manifold D we have truncated the
“cusp type” components in the thin part of the Margulis decomposition of D. Also
thin part of D does not have any bounded component. So there is no thin part in the
Margulis decomposition [2] of D. Now the proof follows from the following extension
of Topological Rigidity Theorem and by noting the fact that C is a retract of D. 2
Topological rigidity theorem for open manifold [7]. Let Mm be a non-compact mani-
fold which supports a complete nonpositively curved Riemannian metric without any thin
part in its’ Margulis decomposition. If M has constant sectional curvature off a compact
subset then |S(M ×Dn, ∂(M ×Dn))| = 1 for m+ n> 5.
As a consequence to the theorem we compute the surgery groups of any subcomplex
complement in the following two corollaries:
Corollary 2.1. Let C be a component of any subcomplex complement (irreducible or not)
and suppose it splits (along locally flat embeddings of S2) into k many irreducible 3-
manifolds (except the 3-ball) with incompressible boundary. Assume C has t number of
boundary components then there is an integer s such that,
Ln(pi1(C))=

Z⊕ (t − k)Z2 if n≡ 0 mod 4,
sZ if n≡ 1 mod 4,
(t − k)Z⊕Z2 if n≡ 2 mod 4,
sZ2 if n≡ 3 mod 4.
Proof. A similar sequence of arguments as in the proof of Corollary 0.2 in [1], noting the
fact that Wh(pi1(C))= 0 and the following lemma prove the corollary. 2
Lemma 2.1. There are positive integers r, s, t such that,
Hi(M,Z)=

rZ if i = 0,
sZ if i = 1,
tZ if i = 2,
0 if i > 2.
Proof. The proof directly follows from Alexander duality. More specifically r = β2(|T |)+
1, s = β1(|T |), t = β0(|T |)− 1, here βi denote the ith Betti number. 2
Now we assume that C is irreducible and ∂C is compressible, i.e., the kernel of
pi1(∂C)→ pi1(C) is not trivial. Then by the Loop theorem of Papakyriakopoulos, for
some compressible loop in the boundary of C there is an embedded disc in the interior
of C bounding the loop. We cut along this disc and get a new compact manifold with
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boundary. We iterate this process (in fact this process stops in finite number of steps) till
we get an irreducible manifold whose components are either manifold with incompressible
boundary or the 3-disc. Note that this new manifold is again a subcomplex complement in
the 3-sphere. Then we have the following corollary:
Corollary 2.2. Let C be a component of a subcomplex complement in S3 such that C is
irreducible, ∂C is compressible and suppose we cut C along finitely many discs to get a
manifold D as above. Then the surgery groups of C can be computed inductively in terms
of the surgery groups of the connected components of D.
Proof. Note that if we cut C along a single disc to get a manifold C′, then pi1(C) =
pi1(C′) ∗ Z if C′ is connected and pi1(C)= pi1(C′1) ∗ pi(C′2) if C′ is not connected and C′1
and C′2 are the two components of C′. Also C′i are again subcomplex complements in the
3-sphere. Now since pi1(C) is torsion free (because any submanifold of S3 has torsion free
fundamental group) and Wh(pi1(C))= 0 we have (by Theorem 5 in [3]),
Ln
(
pi1(C)
)⊕Ln(1)' Ln(pi1(C′))⊕Ln(Z)
in the first case and
Ln
(
pi1(C)
)⊕Ln(1)' Ln(pi1(C′1))⊕Ln(pi1(C′2))
in the second case. Now inducting this process we will get subcomplex complements with
incompressible boundary for which the surgery groups are computable by the previous
corollary. 2
Remark 2.3. Using the Corollary 2.2, Remark 2.2 and by an induction argument on the
number of discs along which we cut the manifold C it can be deduced that the assembly
map
Hn
(
K(pi1(C),1),L0
)→ Ln(pi1(C))
is an isomorphism for large n.
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